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Abstract. The Adler-Bardeen theorem has been proved only as a statement valid at all orders in perturbation 
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, of the Adler-Bardeen theorem in d = 2 by using recently developed technical tools in the theory of Grassmann 

' integration. 
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1. Introduction and Main results 



(N 
> 
O 
O 

04 , 1.1 Anomalies in QFT. The chiral anomaly appears as a quantum correction to the conservation of the axial 

I current for massless fermions. A crucial property is the anomaly nonrenormalization, which says that the chiral 

' anomaly is given exactly by its lower order contribution. This property was proved first for QED4 in [AB] 

, in the well known Adler-Bardeen Theorem: it was shown that there is a dramatic cancellation, if a suitable 

regularization is assumed, among the infinite collection of Feynmann graphs contributing to the anomaly and 
at the end it turns out that the anomaly is given by a single graph (the famous "triangle graph"): the result 
can be condensed by the formula 
^ ; d^jl = '^e^^^^.^^F^^^F^'^ (1.1) 

where ao is the unrenormalized coupling constant. Different proofs of (1.1) were given later in [Z] and [LS]: 
, as the results in [AB], they were statements valid at all orders in perturbation theory and with no control 

' on the convergence of the series itself. The property of the anomaly nonrenormalization holds also in the 

Electroweak model where it plays a crucial role even to prove the renormalizability; as the gauge fields couple 
to chiral currents, the chiral anomaly would break the renormalizability, but a remarkable cancellation between 
anomalies (not renormalized according the Adler-Bardeen theorem) of different fermion species saves the theory 
and gives a confirmation of the fermionic family structure as well. 

Recent textbooks tend to present the anomaly nonrenormalization in a functional integral approach in which, 
following the elegant treatment of [F], one recovers it from the Jacobian associated to a chiral transformation. 
However, as explained for instance in [Al], such methods cannot be considered simpler proofs of the Adler- 
Bardeen theorem: the methods in [F] essentially treat the gauge fields as classical fields so that they produce 
essentially one loop results and eventual higher orders correction would be in any case not included. Hence it is 
the validity of such functional approach which is justified by [AB] rather than the contrary. 
As the anomaly nonrenormalization is a quite delicate property, against which several objections has been 
raised along the years (see for instance [JJ], [AI] or [DMT]), it would be desirable to go beyond perturbation 
theory. This seems actually far from the present analytical possibilities in c? = 4, for the difficulty of giving a 
real non-perturbative meaning to the functional integrals expressing the theory; it is worth then to consider 
d = 2 QFT models which have proven fruitful laboratories to test general properties. 

In d = 2 the perturbative analysis in [AB] can be repeated with no essential modifications, see [GR], and still 
the anomaly nonrenormalization holds in the form (in the Euclidean case) d^j^ = —ieae^^'^df^A^, where e is 
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the coupling and a is the value of the "bubble graph" (replacing the "triangle graph" in d = 4). It holds a = 
or a = ^ depending if dimensional or momentum regularization is used. Again nonperturbative informations 
cannot be obtained by such a procedure, based on explicit cancellations between Feynmann graphs. It is also 
claimed that the anomaly nonrenormalization in d = 2 can be derived by an exact functional approach, see for 
instance [FSS] ; indeed integrating out the fermions it turns out that the partition function for many d = 2 QFT 
models can be written as 

p(^^)det(7,[9, + ^,]) 
^ ' det(7^a^) ^ ' 

where ^^.x = (^o.xj^i.x) arc fields with Gaussian measure P{dA) with covariance < A^^-^A^^y >= e^(5^.jyw(x — 
y). A similar expression holds for the generating functional. It is well known [Se] that, under suitably regularity 
conditions over A^^, \ogdet{'yi^d^ +'yi^A^) — logdet(7^9ju) is quadratic in A^; replacing the determinant with a 
quadratic exponential one gets casilyby an explicit integration of the Gaiissian integrals, that the anomalies arc 
not renormalized by higher orders. However in the above derivation an approximation is implicit: the fermionic 
determinant in (1.2) is given by a quadratic expression only if A^ is sufficiently regular, but in (1.2) the integral 
is over all possible fields A, hence one is neglecting the contributions from the irregular fields. A peculiarity of 
d = 2 QFT is the existence of some exact solutions; indeed it has been claimed [OR] that the Adler-Bardeen 
theorem finds a nonperturbative verification from comparison with the operatorial exact solution of [J],[K] in 
the case of contact current-curent interaction. However the regularization in the functional integrals or in the 
operatorial exact solution are different, hence there is no guarantee [GL] that the Schwinger functions obtained 
from functional integrals converge, removing cutoffs and in the massless limit, to the exact ones (indeed this is 
not the case). In conclusion, even in d = 2 there are no rigorous verification of the Adler-Bardeen theorem in a 
functional integral approach to QFT beyond perturbation theory. 

The rigorous construction of d = 2 QFT models from functional integrals is in general not trivial at all, as they 
appear to be related to the continuum limit of the correlations of coupled bidimensional Ising or vertex models 
[GMl], which are in general hard to compute [B]. Some d = 2 QFT models has been deeply investigated in 
the Eighties in the framework of Constructive QFT (see [GK] , [Lc] ) , and in recent times new powerful methods 
has been developed in [BM], overcoming the well known technical problem posed by the combination of a 
nonperturbative setting based on multiscale analysis [P],[G] with the necessity of exploiting cancellations due 
to local gauge symmetries. These new technical tools allow us to rigorously investigate, for the first time, the 
properties of anomalies of d = 2 QFT models constructed from functional integrals; in particular, we can prove 
a non-perturbative version of the Adler-Bardeen under suitable conditions on the bosonic propagator, avoiding 
completely Feynmann graphs expansions and with full rigor. 



1.2 Euclidean QFT2. We consider an Euclidean QFT in d = 1 + 1 whose Schwinger function can be obtained 
from the following functional integral 

eW«,.(J,<^) ^ J p^^di,)P{dA)J (1.3) 
where 0, J are external fields, Z is the wave function renormalization and: 

-)in A = [0, L] X [0, L] a lattice Aa is introduced whose sites are given by the space-time points x = {x, xo) = 

{na, UQa) with L/a integer and n, uq = — L/2a, 1, . . . , L/2a—l. We also consider the set D of space-time momenta 
k = (fc, ko) with k = (™ + ^^"^ ^0 ~ ("^0 + k^l7 '^ith. m, mo = 0, 1, . . . , L/a — 1. To simplify the notations 
we write / dx = Y.^^a and jdk=^ Eke©- 

-)'^x, V'x, X e A are a finite set of Grassmann spinors and PN{dip) is the fermionic integration with propagator 

5(x - y) = I rfk^^e-P(--)x^(k) (1.4) 

where Xiv(k) is a smooth cutoff function selecting momenta |k| < 7^ with 7 > 1 and N a positive integer. 
We assume 7''^ << a~^, that is the lattice cutoff is removed before the fermionic cutoff (we are essentially 
considering a continuum model with a momentum regularization). 
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-)The 7's matrices are 



^"^ao- ^"H°o')' ^=--v=(j u.) 

-)Ax = (^o,x, ^i,x) are Euclidean boson fields with periodic boundary conditions and Gaussian measure P{dA) 
with covariance 

< A^,x^.,y >= t^(x - y)<5^,. = <5^,. y dpe-'P<-^-y^v{p) (1.6) 

Integrating the bosonic variables A one can rewrite (1.3) as 

^Wn.lU<I>) = y p^(d'0)e^ i" 'i^'^y''(^-y)[e'A=.7''V'x+J^,=c]Ny7''V'y+J^,y]+ / dx[^+*5^] 

The Schwinger functions are defined by 



^ rr / rr 7 fr -a^ ^ 9^"+"-w^.l(j>,^) 

< M V'x. llV'y. >iV,L= ^- ^, ^1 777 , . n 



where = V'x7''V'x- Of course the following trivial identities hold 

ev{p) < j^VkV'k+p >=< ^M.pV'k^/'k+p > (1-9) 

and 

ev(p) < ip ^VkV'k+p >= iev{p)e''''" < jp-0ki/'k+p >= ieM,-' < ^i^.pV'kV'k+p > (1-10) 
where we have used that j^'^ = is'^'^j", e^^i, = — £1/,/^, £0,1 = ^1- 

Depending on the explicit form of u(p), to the functional integral (1.3) correspond several models: if u(p) = p~^ 
and m = it is a regularized version of the Schwinger model, if m ^ is a version of QED2 in the Feynmann 
gauge, if v{p) = (p^ + M^)^^ it corresponds to the Vector-gluon model of [GR]; an ultraviolet cutoff can be 
eventually imposed if necessary. Particularly interesting is the case v{p) = 1 (that is u(x — y) = (5(x — y)) 
corresponding to the massive Thirring model (with a definite sign of the interaction). 

The Schwinger functions (1.8) are well defined if the cutoffs (the volume L and the momentum cutoff N) are 
finite; the main problem is to show that, choosing properly the bare parameters Z,m (eventually depending 
from the cutoffs) < 0"=! V'xi Yl"=i V'y; iTiLi Jzi >n,l has a well defined non trivial limit as N,L ^ 00. 

In this paper we will prove that, if the bosonic propagator decays fast enough in momentum space and for small 
coupling, the cutoffs L, N can be removed in the Schwinger functions for any finite m and Z. We will start from 
the fermionic representation (1.7) and the Grassmann functional integral is nonperturbatively evaluated by a 
multiscale analysis in which each step is proved to be well defined by tree expansion methods and determinant 
bounds (for a tutorial introduction to such techniques sec [GM]); the masslcss limit is controlled using the 
methods introduced in [BM] allowing the implementation of WI (approximate, due to cutoffs) based on local 
Gauge invariance at each integration step. 

By performing the local gauge transformation — * e^^'^xj V'x — >■ e~"=''i/'x or ■i/ix — >■ e'^^°'^'^:x., V'x — * e~'''^"''Vx 
in (1.3) we get, in the case m = 

- «P;i(ipV'kV'k-p) = (V'k-pV'k-p) - (V'kV'k) + A^_i(k, k - p) 

- «P/.(ip'''V'kVik-p) = 7^[(^i'k-pV^k-p) - (V-kV^k)] + A|,_i(k, k - p) , 



where 



A?^_j^(k,k + p) = j dk'Cj^;^ < V'k'7''^k'+pV'kV'k+p >N,L 
A%^L{k,k + p) = j dk'Cj^;^ < Vik'7^7^V'k'+p^kV5k+p >N,L , 



(1.12) 
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with 

C^:p = ([X^(k)]-^ - l)k'' - ([Xiv(k - p)]-i - l)(k^ - p^) (1.13) 

The last term in (1.11) is due to the presence of the cutoff function breaking the formal Gauge invariance 
of the action (it is formally vanishing if xjv(k) = 1) and it is the average of the highly non local operator 
/ rfk'Cj^;^^/ik'7'*'^i'k'+p- We prove the following result. 

THEOREM 1 Let us consider the generating functional (1.3) with Z = 1, |w(x)| < C, J dx[\v{x)\ + |i9w(x)| + 
|x||w(x)|] < C for a suitable constant C and and e small enough; then the Schwinger functions (1.8) are such 
that the limit 

n n m n n w 

j^ju^-^u^-^ ]ij^.)L,N = (11^- n^^- uj^,) (1.14) 

i=l i=l 1=1 i=l i=l i=l 

exists at noncoincinding points uniformly in the fermionic mass and is non trivial. 
In the massless case m = the WI (1-11) holds and 

lim A^^(k, k + p) = --^(-jp^) < A^^pV'kV'k+p > 

_ (1.15) 
lim A% r (k, k + p) = — (-ip^)i£^''^ < ^^,p^kV'k+p > , 



The above result says that the correction terms A^ j^,A%]^ to the Ward Identities (1-11), produced by the 
presence of the cutoff functions, generate the anomalies when the cutoffs are removed. Similar WI with any 
number of fermionic fields can be obtained and this can be read as 

d^j^ = -^d^A^ d^jl = -^ie^'''d^A, (1.16) 

that is the anomaly is non-renormalized by higher orders, in agreement with the Adler-Bardeen theorem in 
d ~ 2 [GR] based on a cancellation between an infinite collection of Feynmann diagrams and with a momentum 
regularization for the fermionic loop. The main point is however that Theorem 1 is a non perturbative version 
of the Adler-Bardeen theorem, which is based neither on a Feynmann graphs expansion (for which convergence 
cannot be proved) nor on an exact evaluation of the functional integrals, which is not possible without ap- 
proximations. The main technical tool is an expansion in terms of product of determinants, which allow us to 
implement the cancellations among Feynmann graphs due to the relative signs and it has good convergence 
properties. It turns out that all higher orders contributions to the anomaly vanish removing the cut-offs, and 
this is proved partly expanding the determinants in such a way that the good convergence properties are not 
lost. 

From our construction an almost complete characterization of the Schwinger function is also obtained; for 
instance we can prove that the two point function < ^/^x^y > decays for large |x — y| as e"™ ''I'^-yl |x — y|~"^~'' 
where rj = ae^ + O(e^) and f) = — + O(e^) while for x — » y it diverges as |x — y|~^. The condition assumed 
in Theorem 1 for the bosonic propagator are verified for instance by 

/ -ip(x-y) 

corresponding a massive boson propagator with an ultraviolet cut-off, which could be removed with some more 
technical effort. 

1.3 Local interaction. The previous result says that the anomaly nonrenormalization holds if the bosonic 
propagator in momentum space decays fast enough and it is finite; the question then naturally rises if the 
anomaly nonrenormalization is valid also if the bosonic propagator does not decay at all, as in the case of the 
Thirring model in which v{p) is a constant. In a companion paper [BFM] the case v{p) = 1 has been studied, 
and it has been found that the functional integral (1.3) still defines a set of Schwinger functions removing cutoffs. 



l/febbraio/2008; 23:41 



4 



in the limit L,N ^ oo, that is (1.14) still holds provided that we choose Z = ZN,m = niN depending on the 
ultraviolet cutoff, that is 

^Ar = 7^"''(l + 0(e4)) mM -m7-''^(l + 0(e2)) (1.18) 

with 7] and f] independent of m and such that ry = ae** + O(e^), -q = be^ + O(e^), a, 6 > 0. In the massless case 
m = the WI (1.11) holds but (1.15) has to be replaced by 

lim A^^(k, k + p) = [--^ + c+e^ + F„]p^ < ^^..pVkV'k+p > 
""^^"^ ^ (1.19) 

lim A°r ^(k, k + p)A^ ^(k, k + p) = i [— + c+e^ + i^a]p^£^'^ < ^^.pV'kV'k+p > , 

L,N—Kx ' ' 47r 

with c+ > non vanishing and \Fa\ < Ce'. This means that if w(p) = 1 the anomaly has higher orders 
corrections^ that is (1-16) has to be replaced by 

= *["^ + c+e' + ^mJ' = + + eFjie^'-^^^A, (1.20) 

This result of course implies that one cannot replace the determinant in (1-2) by a quadratic exponential; the 
contribution of the irregular fields is not negligible when u(p) = 1. In Appendix 3 an explicit second order 
verification of (1.15) (1.20) has been included. (1.20) is apparently contrast with the Adler-Bardeen theorem 
[AB], but indeed this is not the case. In the [AB] analysis for QED4, an ultraviolet cut-off K has been introduced 
for the boson propagator, and it is implicitly assumed that it is removed after the ultraviolet cut-off for the 
fermionic propagator; moreover the bare parameters are chosen as a function of K. In the model (1.3), if v{p) 
decays for large momenta the theory is superrinormalizable, while if v{p) = 1 is just renomalizablc like QED4. 
Proceeding analogously to [AB] (in a non perturbative framework) an ultraviolet cut-off can be introduced also 
in the bosonic propagator for instance by replacing v{p) = 1 with e~P ^ . There are then two ultraviolet 
cutoffs, corresponding to the fermionic or bosonic propagator, and depending luhich cutoff is removed first 
different anomalies are found as functions of the bare parameters. If K is removed before the fermionic cutoff 
N, that is A'' — > 00, ^ 00, we are essentially considering the case w(p) = 1 discussed in [BFM]; it holds that 
the anomaly is given by (1.20), that is it is non linear in e but it is renormMlized by higher orders. On the other 
hand if the fermionic cutoff is removed first a completely different result holds. 

THEOREM 2 Assume that t;(p) = e~P^^ ^; it is possible to find bare parameters Z = Zk, m = mx such that 
the limit 

n n rn 

lim lim lim ( 11 "^^^ n-^A«(^^))i,JV,if (1-21) 

i=l i=l i=l 

exists and it is non trivial, and (1-11) holds togheter with (1.15), that is anomaly nonrenormalization holds. 

This means that the the anomaly nonrenormalization holds if the fermionic cutoff is removed first, while is 

violated is the bosonic cutoff is removed first. The limit N ^ 00, K ^ 00 corresponds to a fermionic fimctional 
integral (1.7) with a local Thirring current-current interaction j^(x)jju(x); the opposite limit K — > 00, A^ 00 
is similar to the one used in the original [AB] paper. 

In §2 we will describe our multiscale integration procedure, and in §3 theorem 1 and 2 are proved. A second 
order verification of our results is included for pedagogical reasons in Appendix 3. 

2. Multiscale Integration 



2.1 Multiscale analysis 

It is convenient to adopt Weyl notation. Calling i/'x = (V'+xj^-x); ^'^d tp^ = {tp^^,tpl^), 'tp = ip^lo, the 
Generating Functional (1.3) can be written as 



(2.1) 
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where A = and 

'(<JV)+ , ii<N) 



and 



T.xW=(^+^^ ^T'j;,)) DU\^)=-iko+u;h. (2.3) 



and { Jx,w}x,w are commuting variables, while {(p^ tj}x,w,cr are anticommuting. Finally, the normalization of the 
fermionic measure is MnO^)— — (l/-^^)|kpC^(k). 

The function Cj^^(k) is defined in the following way; xo S C°°(]R+) is a non- negative, non- increasing function 
such that 

f 1 if < t < 1 

for any choice of 70 : 1 < 70 < 7; and we define, for any h, 

/, (k)=xo (7-^>|) - xo (7-^'+>|) (2.4) 

and Cj^"^(k) = J2^=-oo fiO^)' hence Cj^^(k) acts as a cutoff for momenta |k| > 7^+^ (ultraviolet region). By 
well known properties of Grassmann integrals (see for instance [GM]) we can write 

AT 

P(#(^^')= Y[ P(#('*)) (2.5) 

h= — oo 

where P{dtp^^^) is given by (2.2) with //i(k) replacing C^^(k). We integrate iteratively starting from the highests 
scales. We define 

J dx|x||u(x)| =7-'*" (2.6) 
and the integration procedure is different for scales greater or smaller than Hm- 

2.2 Ultraviolet integration 
We show inductively that, for any Hm < k < N 



I P(#(^'=))e-^"=' ''^"^) , (2.7) 



where the Grassmann integration P{dijj'^-''^) is equal to P{dtp^-^^) with the cutoff function Cjv(k) replaced by 
Ck{k), 

V^''^ (V'^-'=^ ,<P,J) = V^'^) (V'^-'=^ , J) + Bf'^) (V'^-'^^ , 0, J) (2.8) 



where 

21 



and 



/^i III, 

i,w,e i=l j=l 



(2.9) 
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where g^^'f^>\'x. — y) = Yl^^kd^^H'^ ~ y)- order to inductively prove (2.7) for 7''*^ < fc < iV we proceed 
as follows. We 
following way: 



as follows. We introduce the localization operator as a linear operator acting on the kernels W^^^^^^^^ ^ in the 



W^fl if 1 = 1,2 m = 



^<™=1<L if « = 1 rn = l (2-10) 
otherwise 

We also define 7^ as 7^ = 1 — £ and rewrite the r.h.s. of (2.7) as 

g-L^Ffc J p^^^{<k)-^^-cv^''\i,<^^''\4',J)-nv^''\i'^-''\'t>,J) ^ (2.11) 

where by definition CV^''^ can be written as 

£VW=^ / <ixdynfc,.(x,y)^(fj=)+^(fj^)- + ^ f d^dydzil + zj^ljz;^,y))J^,{z)^ifJ;'>+^( 



',(<*=)- 



5^ / dxirfX2dX3rfX4Afe,„,^,(xi,X2,X3,X4)V'4T,S+V'if,S-4fj+^^^^^^^^ . 

(2.12) 



We write 

g-L^/3(i^fc+tfc) y p((;^[<fc-i]) y p(^^(fe))g-£v('='(v<^'=-'>+V'"=\«i,J)--R.v('='(v<-'=-''+V'"''A^) ^ (2.13) 

with P{dtp^''^) a Grassmann Gaussian integration with /fe replacing C]^^, and the corresponding propagator 
fl'itL'(^'y) is bounded byfor any N >1 

|g<^Hx,y)|<7 \^. 11^ (2.14) 
l + [7*|x-y|]^ 

If we now define 

^_V('=-i)(v(^''-i',0,J)-L"i?fc ^ y p(^^(fe))g-£V<'''(,/-(^'-i'+^('=',0,J)-7?,V<'''(,/-(:='-i>+,/.('=',0,J) ^ (2_15) 

it is easy to see that the procedure can be iterated. In this way we have written the kernels ^ as 



functions of running coupling functions Wfe(x) = ^kj^ktZ^ with k > h; the main advantage of this pro- 
cedure is that the kernels W2il^ can be bounded if the running couplings are small enough. Denoting by 
11/11 ~ /nr=i d'^ilfi^i^ --iXn)! the kernels obey to the following dimensional bounds, see Appendix 1. 

Lemma 1 Assume that \\vk\\ < CX for k > h, for a suitable constant C; then it holds, if C is a constant 

\\wil\\<CX'y-'^^'+"^-'^ (2.16) 



In order to use the above result to prove that the kernels W2iln are bounded, one has to show that the running 



coupling functions are small. By construction it holds that 

Afc_i(xi,X2,X3,X4) = Xv{ki - X3)^(xi - X2)(5(x3 - X4) + ^ W^^q^ nfc_i(xi,X2) = ^ W2^ o\xi,X2) 

h=k 

N 

(X1,X2,X3) = 1 + Y1 <'lHxi,X2,X3); 
h=k 



N N 

fo^ n,_i(xi,X2) = ^T.^('^)' 

h=k h=k ^2 1'^) 
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The bound (2.16) cannot be used in (2.17) to show that the running coupHng constants are small, and we have 
to improve it. Defining 

N 

Hi% = Y,W^l (2.18) 

h=k 

we prove the following result. 
Lemma 2 Assume thatjor a suitable constant C 

sup ||Aj(x)|| < CA sup ||nj(x)|| < CA sup pf ^(x)|| < CA (2.19) 

j>k-l j>k-l j>k-l 

Then, for a suitable Ci 

||£r(;=o^(x,y)|| < Cii-'^A ||i/ifo^(xi,..,X4)|| < C^j-'^X^ \\Hi';l{^u^2,^3)\\ < C^^-'X (2.20) 



Proof. The proof is done by induction. First one proves (2.20) ion k = N ((2.19) is of course verified). Moreover 
if (2.20) is true for j > fc — 1, of course the running coupHng constants are bounded; then it is sufficient to prove 
(2.20) for j = k. The proof then is reduced to the verification of the bounds (2.20) if (2.19) are verified, and 
this is done below distinguishing the different cases. 

2.3 Two fermionic lines 

We start considering the massless case m = 0. We define the truncated expectation, if X, are momomials in 
^[fc>JV]^ in the following way 

Qn r 

£l^{Xr,X2;..;Xn) = log J Pk,Nidi^)e^''''+-^"''-\x,=x,=..=x„=o (2.21) 

where Pk,N{di)) is given by (2.2) with Ck,N replacing Cn- For semplicity of notations we also denotate 

^k,N{^l^'i--^n) = £k,N{^l\^'i'-: ■■■'^^n) (2.22) 

It holds that 

<(x,y) = E -^^lAvii' + 0)-V-(^ + ^)) ^ E ,„-__^,,^j lN{y{i')-vm (2.23) 



We define V'(x) = V'x,iV'x,n V'(y) = V'y,-iV'y,-i and V'(xUy) = V'x,iV'x,iV'y,-iV'y,-i- Hence V in (2.23) is given 
by / dxdyXv{x — y)^(x U y) and we can write 

^,fl,- £lN{VW...Vm = (2.24) 

n-^ J dyXv{x - y)£lN{i^-i'{y); V; V) + n5(x -y)J dyv{^ - y)£lj,{i^{y);V; V{i,)) (2.25) 

where means that the derivative cannot be applied over in (2.25) we have separated the case in which 
the two external lines are connected to the same coordinate from the case in which are connected to different 
coordinates. 

We use the following property of truncated expectations, see for instance [Le], if'!^(PiUP2) = [IliePi V'xiliriiePa V'xi] 

f ^(^(Pi U P^)^{P^)..4{Pn)) = (2.26) 
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Ki,K2,KinK2=0 
KiUK2=3,..,n 



and (—1)'^ is the parity of the permutation necessary to bring the Grassmann variables on the r.h.s. of (2.26) 
to the original order. Note that the number of terms in the sum in the r.h.s. of (2.26) is bounded by C" for a 
suitable constant C. Note that the same property holds if we replace ip with ip + cf) where <p is an external line. 
By using (2.26) for the first addend of (2.25) we get, V{j) = J dxjdyjXv{xj — yj)V'(xj {Jyj) 

d* 



dyv{x - y)-_f,^^(V;-;^(y); F(l); V{n))+ 



KiUK2 = l,..,-n 



jeK2 



where have used that the derivative applied on the second truncated expectation gives zero (it is the expectation 
of an odd number of fields). 
If we define 

gn 

< Ai;...;An >t= 



d\\...dX, 



■log j Pfe,Ar(#)e-^+Sr=x^'^'|^^o 



by summing over n we get 



y) = / dyXv{x - y) < V(y) > ^ < V'x > + 

J dtjjy 

J dyXv{yi - y)^p < C ; V'(y) >T +5(x - y) y dyv{x - y) < i){y) > 



(2.28) 



(2.29) 




+ 





Fig. 1 



Fig 1: Graphical representation of (2.29) 
By a multiscale integration similar to the one in the previous section we get, see Appendix 1 



<C;^(y) >t||<ca7-'= 



Hence we get for the second addend in (2.29) the bound , using that |v(x)| < C 



On the other hand the first and third term in (2.29) are vanishing in the massless case. In fact 

< ^(y) >= 



(2.30) 



I dxdydy|A^;(x-y)^ < i^-;^{y) >t | < ^'^H^ < V'x;V5(y) >t || < CAV' (2-31) 



(2.32) 



as by translation invariance < tp{y) >=< V'(O) >. As there are only diagonal propagators we note that by it 

is given by the integral of (4n + 2)/2 diagonal propagators and it is indipendent from y, so it is vanishing by 
parity. Hence the integral of the first and last addend in (2.29) is vanishing. 
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2.4 Two fermionic lines and one density line 
We have to bound 



1 ^2 



(2.33) 



and 



—^—£l^{^{z)V...V)=n^ [ dyXv{K-y)£l^{^Zi'{yyM^y,V-,. ..-,¥)+ (2.34) 

nA5(x-y) J dyv{^-y)£lMy)i^iz)...V{i;)) 

where again -^pr means that the derivative cannot be appHed over ip~; that is we have distinguished the case 
the two external hnes conies put from different points or the same point. The first addend can be written, by 
(2.26) as 

/ #t;(x-y)^ffc^^(V-Vi(y);V;(z);F;...;y)= / rfy^;(x - y)^4^;v(V'x ; ^^(y); ^^(z); ^i); 

J dipy ' J dipy 

^ (-1)- / dyv{^-y)[-^£l^{ip- H V{m£l^{i,{z)i,{y) JJ ^(j)) 

J2 i-^r I dyt;(x-y)[^£:,^^(c;^(z) 1] yijWlNm) n ^0')) 



We finally obtain, by summing over n 



dydxAt;(x - y) < ip{y) > ■— < ^-■,i>{z) >t + dyXv{yi - y)^— < C;^(y);^(z) >t 

dipy J dipy 

+ J dyXv{x - y) < i>{yy,ip{z) >t < ip+ > +S{yi - y) J dyv{x - y) < V^(z); ip{y) >t (2.35) 




+ 




Fig. 2 



Fig 2: Graphical representation of (2.35) 

Again the first addend is vanishing in the massless case. The integral of the second addend is bounded by, as 
shown in the Appendix 

j d^dydzdy\Xv{^-y)-^<ip-;iP{yy,iP{z) >t | < < C;^(y);^(z) >t \\<CX^-^' (2.36) 



In the third and fourth addend appear a density-density term which will be bounded in the following section 
by Cj~'' so that they are also 0{X"/~''). 
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2.5 Two density lines 
We have to bound 



/OO 
n=0 



We can distinguish the case in which the two fields V'(x) are contracted in the same point or not, so that 
ffg(z,y) = / d^dzdz'Xviz - x)5[%^l(x - z)gV;;^\^ - z')^i < V^Cy) >= 

J d^dzXv{z - ^)[gl^:f\^ - z)f[d{z -y)+J dz'Xv{z - z') < ^(z');^(y) >t] + 

J d^dzdz'dz"Xv{z - x)ff£';if )(x - z)g(f;^^)(x - z')v{z' - z")-^ < i^-,^{z"y, ij{y) > (2.37) 
where in the second line (2.34) has been used. 

WA<^^^^P>wv = 'N/N/N. ^^^^^^^^^^ + '^/^/^<^^^^^^p>•^A/Kg. 3 



Fig 3: Graphical representation of (2.37) 
The first addend of (2.37) can be rewritten as 

J d^dzv{z - z)][g^^;^\^ - z)]2[5(z - y) + / c;z'A^;(z - z') < ^{z'); ^{y) >t] + 

I d^dz[v{z - x) - v{z - z)][gi%^\^ - z)]2[<5(z - y) + / c;z'A^;(z - z') < i>{z'y, i>{y) >t] (2.38) 
The first line of (2.38) is vanishing in the massless case 

j d^g[^:^\^-z) = Q (2.39) 
by the symmetry g^,'S'\r,ro) = iLog^^'S'\ro, — r); on the other hand the second line can be written as 

y^zrixA^ dt[ati;(z-z + t(z-x)](x-z)[gif_;,^l(x-z)]2[,5(z-y)+ j dz' Xv{z - z') < i}{z')-i^{y) >t\ (2.40) 

We perform the change of variables ri=x — z r2 = z — z + t{z — x) with Jacobian —1, so that we can bound 
(2.40) as,using that / dx|5u(x)| < C 



N 

I / dv^dv^Xdv{v2)\vM^:^\-<^i)f\\ <CX Yl l-^^'l'^'l'^' < cxj-" 



k<hi<h2<N 



I J dvrdv^Xdv{v2)\vM£:^\^i)? j dz'Xv{^-v^-z') < i>{z')-i,{y) >t \\ < CXj-''\\H^. 



(2.41) 
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where we have used that ^[^^'^^(r) = J2h=k9^i^)- consider now the second addend of (2.37); by (2.35) we 
get 

J dxXv{z - x) y dzdz'dz"v{z' - z'O^'^-'^kx - z')ff['='^](x - z)|^ < V^(z"); ^(y) >T + 

J d^Xv{z - x) y dzdz'dz"dz"'gl!:;^\^ - z)5[%^l(x - z')i?2,o(z', z'O^if/cf ' (z" - z)]t;(z - z'") < ^{z'"); Vi(y) >t 

(2.42) 





Fig. 4 



Fig 4: Graphical representation of (2.42) 
We prove in Appendix 1 that the first addend in (2.42) is bounded by 

||ff['='^i(x-z')5['''^i(x-z)^ <^;,;Vi(z");V5(y) > \\<cxr 



2k 



In order to bound the second addend 



(2.43) 



J dzdz'dz''gj!:;^\^-z')H%{z'y)gj^;^\z''-z)gl^^^^ J dz'" \v{z - z'") < i,{z"');i,{y) > (2.44) 
which we can rewrite as, using the compact support properties of the propagator 

^ / rfzdz'rfz''5(,^i)(x-zOifa^(z',z'')5£':inz''-z)5£':5Hx-z) / dz'"A^;(z-z'") < ^(z'");Vi(y) > (2.45) 

k<hi,h2<N'^ 

We distinguish now the case hi < /12 or /ii > /12; if hi < /i2 we integrate over g^^^ and we use that ||-ff2,o|| < 

CXj-'' and l^i^i^l < Cj'^^ so that we get T,k<hr<h2<N CXl^''j'''l'''''-r''^ < CX-y-''. If /12 < hi we use that 
< Cj''^ so that we get T,k<h2<hi<N ^^'y~''^~'^^'^'^^ ^ CAi"*^. In both case we can bound (2.44) by 

By collecting all bounds we have found we have 



H^';^\\<CiX^-' -C2Xj-''\\Ho,2\ 



from which 



(2.46) 



2.6 Four external lines 
In this case we can write 

il|o(xi,X2,X3,X4) = S{xi -X2)5(X3 - X4)Xv{xs - z')7?o 3 (^1 , z') 
5{XI -X2)Xv{xi - Z)ffi 2(z;X3,X4) + ^|_o(xi,X2,X3,X4) 
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where the first two terms were evaluated before and the last term correspond to the four external lines attached 
at different points; proceeding as above it can be written as (in the massless case for semplicity) 

Hi, = / A^-(x, -z)^^^-^|^ < C.;^(z) >. +/ Adz.(x, -z)^ < >r < ^(z) >. 

(2.47) 





s 

\ 

\ 




Fiff. 5 



Fig 5: Graphical representation of (2.47) 



As it is proved in the Appendix 1 



Finally the norm of last term in (2.47) is bounded by 



< V-;V^(z) >T II <CA7-'= (2.48) 



< V'x, >T 1 1 1 1 ^, ^, <i'{z)>T\\< CXj-'^ (2.49) 



as follows from the previous bounds. 

We have then proved (2.20) in the massless case; in order to prove the bounds (2.20) in the massive case we 
note that we can write S(£,^(x,y) = g^^^{yi,y) + ri,^(x,y) where gt,u,{^,y) is the propagator with m = 
and r^,a.(x,y) verifies the bound (2.14) with an extra 1^]^; moreover gt-a,{^,y) = 5^ -a;(x,y) -u;(x,y) 
where fl^ _a,(x,y) is the Fourier transform of [^]gt,uj{^)9-ui,-u,0^) and _a,(x,y) verifies the bound (2.14) 
with an extra [^]'^- Using the miiltilinc;arity of the determinants appearing in the fermionic expectations, wc 
can separate the contribution in which all the propagators are massless (corresponding to the cases treated 
above) plus a rest, with an extra [^] with respect to the dimensional bound (2.16). The only case in which 

such improvment is not sufficient to get (2.20) is for ff2'o- However when the external line has the same u) 
index, there is surely at least or a propagator r^^^{x,y) or a nondiagonal propagator ffi;^_i^(x, y), so that the 
improvment with respect to (2.16) is given by [^]^ and the boimd (2.20) holds. The only remaining case is 
when the two external lines have different uj index and all the propagators are massless (if they are not there 
is an extra [^]) and there is only a nondiagonal propagator gt-wi^'y)' this case is then identical to the one 
trated in §2.4. 



2.7 The infrared integration 

After the integration of the scales N,N — 1, ..Hm we get a functional integral of the form 

e-^'^'^M J p(rf^(<'>«))e-v"'">(*<^''"',0,^) , (2.50) 

where V^^"^ given by (2.9). The multiscale analysis of (2.9) has been done in [BM] in all details and we will 
not repeat it here; it turns out that after the integration of Hm, ■■■h one gets 

e-^^^^ j Pz..™.(#(=^''))e-^""(^^^"'"'^-^) , (2.51) 
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where Pzh,mh{d'4'^-^'') is given by (2.2) with Cat replaced by C/i, wave function renormalization Zh and mass 
rrih', moreover the effective interaction V'-'*-' is J dxi/ii-x ''^'0i~x '0'i-^''x^'?/'i^x plus monomials in ?/' of higher 
orders. As a consequence of remarkable cancellations due to the implementation of Ward identites based a local 
phase transformation at each iteration step, the effective counpling A/j remains close to its initial value 

A^ = A + 0(A') (2.52) 

and 

^/. = 7"'"'(1 + 0(A)) Hh = i-'^''m{l + 0{\)) (2.53) 

with r} = a)? + O(A^) and fj = b\ + O(A^) with a, h positive constants. (2.51) is found by a procedure similar 
to the previous one in which the C operation consists in computing the kernel W'*(k) at zero momentum or, 
in coordinate space, it consist of computing the external fields in the same coordinate point. Then, see [BM], 
to each kernel W'^ is applied 1 — C which produces a derivative aplied on the external fields, giving an extra 
7^*, and a factor (x — y), if x, y are the coordinate of the external fields, wich can be bounded using that by 
/ rfz|z||g*(z)| < C7^^* or / rfz|z||t'(z)| < ^f~^'''' < 7"'. In this way an expansion for the Schwinger functions 
well defined in the limit L, iV ^ 00 is obtained. 



3. Weird Identities 



3.1 The anomaly Performing the phase and chiral transformation V'xai ^^"''''^V'xw i'^ (2-1) and rnaking 
derivatives with respect to the external fields we get, if pa;,x = V'^xV'Jx 

^.'(p)(/3.',pVi-kV;+k-p> = 5.,^' [(Vi-kV^+k) - (C,k-p^^ik-p)l + Af,t^(p; k) (3.1) 



where A^'/^(p; k) is the Fourier transform of 

Af,>,^f (x; y, z)=(V-„; <^rx,.')i,^ , (3.2) 



where 
and 

We write 
where 



5T^,.~ e^^'^^"''"^"^^;c.(k+,k-)V'++^^i^^_,^, (3.3) 

k+,k- 
k+5ik- 

C^;^(k+,k-) = [Cjv(k-) - l]Z?^(k-) - [C^(k+) - l]i?^(k+) . (3.4) 
A2'_i;^(p; k) = v{v)9n{v)D-^{v)G^-]:%,{v; k) + Pi<i;^,(p; k) (3.5) 



Note that if p is fixed, in the limit N ^ 00 we get, by changing variables k 7^k and expanding in 7~^p, 
j/(p) — zy+0(p7^^), where v = j>(p)|p=o and, using some cancellations due to the symmetry 5;^, (k) = —iLjgi^{\s*) 
with k* = {k,ko), it holds that 

We can obtain Pi-R^'^jf^^ from the generating function 
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with 



r_(J,V) = ;^E'^(P)^-(P)^k-P,-^: 

k,p 

A crucial role in the analysis is played by the function 



(3.9) 



AW)(k+,k-) = ^^^^g^^^^7«(k+)#(k-) . (3.10) 

which is such that 

A(;.^)(k+,k-) = t,j<N (3.11) 
hence at least one between i or j must be equal to N. It holds that, for i < iV 

A^''(k+,k-)- /j(k")^ijv(k+) 



£»„(k+-k-)Z)„(k_) 

where ujv(k) = for |k| < 7^ and 'UAr(k) = 1 — /jv(k) for |k| > 7-'^. It is easy to verify that 

A^'Xk+, k-) = — P_5^.^(k+, k-) (3.12) 

with 

|5k+4_^'^''(k+,k-)| < Cm+n-'^^+^h-^^^^''^ (3.13) 

from which 

l^-.^z - X, z - y)| < (3.14) 

3.2 Multiscale analysis The integration of Wa {J, J, (p) is done by a multiscale integration similar to the previous 
one. After the integration of ip^^") the terms linear in J and quadratic in ip in the exponent will be denoted by 
^\'ip^-^~^^); we write Kj^ = K^j^''^ + K^'^ where x'f'^ is obtained by the integration of 
To and Kj''^~^^ from the integration of T_. We can write Kj"''^~^^ as 

^KA.-i)(^(<^,_i)^^^ (3.15) 

where there is no To{J by (3.11), ^'2^^^'' ^^'^ represent the terms in which both or only one 

of the fields in 5pp,a;, respectively, are contracted; we define 

cK^f'"-'' = E / dyd-FZ:i^' y' V-i^"-^ (3.16) 

In the same way wc decompose Kj''^~^^ and we define £ is a similar way; the above procedure leads to two 
new running coupling functions 

k,p 

(3.17) 
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The above integration procedure can be iterated with no important differences up to scale Hm', note that 
i^^^^ (k+, k^) is vanishing for k < N — 1. If W2ilj^^ is the kernels in the effective potential moltiplying a 
monomial in 21 f/^-fields, m J fields and rh J fields, the following result is proved in Appendix 2. 

Lemma SAssume that for j > k \\Xj\\, \\Z^j \\ are small enough and 

lli^jll < CAi^C^-^) (3.18) 

then it holds the following hound, if rh = 0, 1 

ll<L,,nll<f^A7-''('+«-^) (3.19) 
Moreover, if k, p are fixed to an N indipendent value 

lim i?^.;jfy.(k,p)=0 (3.20) 



3.3 Proof of (2.20) 

We have now to prove (3.18). We can write 

Uk,- (k, p) = p) + p) (3.21) 

where in are the terms obtained contracting Tq and in the terms obtained contracting T_. It holds that 

(p, k) = -v{p)i?{p) - v{p)u{p) < V'(p); ^.^V-k+p.-o, > (3-22) 



-vw^ + '^'^'^'^(^^Is Fig. 6 



Fig 6: Graphical representation of (3.22) 

On the other hand 

f^(p,k) = y STj^(To; — T [V...V]) (3.23) 

By construction the two external fields cannot be attached to C (otherwise C = 0). We distinguish now the 
case, as in §2.5, in which both the fermionic fields in Tq are contracted with the same point with the case in 
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which are contracted in different points. 



Fig. 7 



Fig 7: Graphical representation of (3.23); the black dot represents C^. 
In momentum space the first case can be written 



dk a,^,(k,k P)^['=.^](k)£^,A^l(k_p)]A^(p)[l+<V,(p)^+^-^^>] 



(27r)2 £>_„(p) ^" .-/r-vr.L- . ^ -rvr/.k'rk'+p 'J (3-24) 

SO that summing (3.24) with (3.22) and using (3.6) we get a vanishing contribution fov k < N — |p|; in fact it 
holds that 

rfk ^^.A^(k,k-p)^^;v(k)^^;v(k_p)] (3.25) 



f dk g^.jv(k,k~p) pfc^yi pfc^^i /• ^ 

y (2^)2 i?_(p) (k p)j-y 



r)2 D-4p) 

In fact AArj(k+,k^) is such that |k+| > 7-^ and |k~| > 7^, then as p = k+ — k~ necessarily j > N — |p|. On 
the other hand ior k> N — |p| we have to prove that < 7--'^+'= < 7-lpl which is surely true as p is fixed. 
It remain to consider the contribution to vi, in which the two fermionic fields in Tq are contracted with different 
points. We pass to coordinate space and we proceed exactly as in §2.5. \ / 




+ 




Fig. 8 



Fig 8: Graphical representation of (3.27) 
Such contribution can be written as 

if(x,yi,y2) = / dzdz'dz''^[5^'Xx-z,x-z')+5^'^(x-z,x-z')]^;(z'-z'')-^-^^ < V'.^V^(z'') > 

(3.26) 



i=k 



which can be rewritten as 



/M Odd* 



f dzdz'dz"dz"'v{z' - z") V[5^''(x - z,x - z') + 5»'^(x - z,x - z')]^^^ < V.-;^(z") > + 



N 



dzdz'dz" ^[5^'*(X - z, X - Z') + 5*'^(X - Z, X - Z')]i?2,0(z', Z")fli%^^ (Z" - ^)]V{Z - Z'")i?l,2(z"', yi, y2) 

(3.27) 



i=k 



We will prove in the Appendix that the first addend in (3.27) is bounded by 



^[5^''(x - z,x - z') + 5''^(x - z,x - z')]^ < Vi(z");^(y) > II < CA7-^(^+'=) (3.28) 



i=k 
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On the other hand the second addend in (3.27) is easily bounded by noting that, by momentum conservation, 

N 

||^[5^'Xx-z,x-z05if,l(z''-z)+5''^(x-z,x-z05S^j(z''-z)]^^^^ (3.29) 

i=k 

We proceed as in §2.5, and in the first addend we integrate over the Unc x — z, using that | |-ff2.o| I < C\^~^ and 
< C7~* getting J2iLk^~^^~''^^^''' < |^ - k\j~^~'' < C^^'^'^^/"^; in the second addend we integrate 
over the line x - z', getting YJ^^^^ ^-2N^i^-k < (j^(-N-k)/2_ 

A similar analysis can be done for Uk,+ with the only difference that the first term in (3.22) and in Fig.7 is 
absent. 

4. Appendix 1 



4.1 Proof of Lemma 1 For an introduction to the formalism used in this section we will refer to [GM]. We 
define a family of trees in the following way. 




Fig 9: an example of tree r 



1) Let us consider the family of all trees which can be constructed by joining a point r, the root, with an ordered 
set of n points, the endpoints of the unlabelled tree, so that r is not a branching point, n will be called the order 
of the unlabelled tree and the branching points will be called the non trivial vertices. The unlabelled trees are 
partially ordered from the root to the endpoints in the natural way; we shall use the symbol < to denote the 
partial order. 

Two unlabelled trees are identified if they can be superposed by a suitable continuous deformation, so that 
the endpoints with the same index coincide. It is then easy to see that the number of unlabelled trees with n 
end-points is bounded by 4". 

We shall consider also the labelled trees (to be called simply trees in the following); they are defined by 
associating some labels with the unlabelled trees, as explained in the following items. 

2) We associate a label h < N — 1 with the root and we denote by 7/,,„ the corresponding set of labelled 

trees with n endpoints. Moreover, we introduce a family of vertical lines, labelled by an integer taking values in 
[h, N +1], and we represent any tree r € Tfi^n so that, if v is an endpoint or a non trivial vertex, it is contained 
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in a vertical line with index > h, to be called the scale of v, while the root is on the line with index h. There 
is the constraint that, if v is an endpoint, hy > h + 1. 

The tree will intersect in general the vertical lines in set of points different from the root, the endpoints and 
the non trivial vertices; these points will be called trivial vertices. The set of the vertices of r will be the union 
of the endpoints, the trivial vertices and the non trivial vertices. Note that, if Vi and V2 are two vertices and 
Vi < V2, then hy^ < hy^. 

Moreover, there is only one vertex immediately following the root, which will be denoted vq and can not be an 

endpoint (sec above): its scale is h + I. 

Finally, if there is only one endpoint, its scale must be equal to h + 2. 

3) With each endpoint v of scale /i„ = N +1 we associate one of the monomials in the exponential of (2.1) and 
a set x„ of space-time points (the corresponding integration variables); with each endpoint of scale //,,■ < N wc 
associate one of contributions in /^V^'*"-' (2.12). We impose the constraint that, if v is an endpoint, hy = hyi + 1, 
if v' is the non trivial vertex immediately preceding v. Given a vertex v, which is not an endpoint, x„ will denote 
the family of all space-time points associated with one of the endpoints following v. 

4) The trees containing only the root and an endpoint of scale h + 1 (note that they do not belong to 7^,jv+i 
) will be called the trivial trees. 

In terms of these trees, the effective potential V^'*^ /i < 1, can be written as 

VW(V,(^^)) + L2^,+i = f; ^ V('')(T,V<^^)), (4.1) 

where, if is the first vertex of t and ti, ..,Ts {s = Sy^) are the subtrees of r with root vq, V^^\t,iI)^-'^^) is 
defined inductively by the relation 



VW(^,^(<'^)) = L^4T^^[v(''+i)(ri,^(^^+i));...;V(''+^)(r„^(^'>+i))] , (4.2) 



and V^^+'^\Ti,^^^''+^^),ii TZ = 1 - C 

a) is equal to nV^''+^\Ti,ip^^^+'^^) if the subtree n is not trivial; 

b) if Ti is trivial and h < N — 1, it is equal to CV^'^~^^^ or, if h = N — 1, to one of the monomials contributing 
to VW(V^^). 

^h+i denotes the truncated expectation with respect to the measure P{dip''^~^^^) We associate then to each 
vertex v is associated the set Py, the set of labels of external fields of v, that is the field variables of type ^p 
which belong to one of the endpoints following v and either are not yet contracted in the vertex v (we call Pi""* 
the set of these variables) or are contracted with the ip variable of an endpoint of type ip through a propagator 
g[hv,N]^ The sets must satisfy various constraints. First of all, if v is not an endpoint and vi,. . . ,Vs^ are the 
vertices immediately following it, then P„ C UiPy.; if v is an endpoint, Py is the set of field labels associated 
to it. We shall denote Qy. the intersection of Py and P^.; this definition implies that Py = UiQy.. The subsets 
PvAQvi, whose union X„ will be made, by definition, of the internal fields of v, have to be non empty, if Sy > 1. 
Given r G „, there are many possible choices of the subsets Py, v € t, compatible with all the constraints. 
We shall denote Vt the family of all these choices and P the elements of Vr- Moreover, we associate with any 
/ G 2^ a scale label h{f ) — hy. We call vertices the vertices of r such that their set ly of internal lines is not 
empty; V^(t) will denote the set of all x- vertices of r. 

With these definitions, we can rewrite V^'*^(r, V'^-'*') in the r.h.s. of (4.1) as: 



VW(r,P) = j d^yJ^^^\Py,)Ki';+'\^y,) , 



(4.3) 



where 



fePv 



1/ febbraio/2008; 23:41 



19 



and K!^^p^\-x.yg) is defined inductively by the equation, valid for any v €: t which is not an endpoint, 



i=i 



where ip^'^'^^PvAQvi) has a definition similar to (4.4). Moreover, if v is an endpoint and /i„ < N, if^'*"-' (x„) = 
Xh„,nh^, 1 + zj^^, while if hy = N +1 K^^^ is equal to one of the kernels of the monomials in (2.1). 
(4.1)-(4.3) is not the final form of our expansion; we further decompose V*'^-'(t, P), by using the following 
representation of the truncated expectation in the r.h.s. of (4.4). Let us put s = «„, Pj = PvAQvi'i moreover 
we order in an arbitrary way the sets = {/ e Pi,e{f) = ±}, we call their elements and we define 
xW = U^.,p-x(/), yW = U^.,p+x(/), X,,. = x(/r.), y,. = x(/+.). Note that ^^=1 1^^"! = E:=i I^^+I = n, 
otherwise the tnmcated expectation vanishes. A couple I = {fij,fj/ji) = {fT ^fi^) '^i^^ t>c called a line joining 
the fields with labels ffj,fl^j, connecting the points x; = Xij and = yi'j', the endpoints of I. Then, it is well 
known [Le, GM] that, up to a sign, if s > 1, 

£,T(v>)(Pi)^(''H^2)...^('^n^«)) = 

= E n ^^'Hx. - yi) I dPrit) det G^'^it) , ^^'^^ 

where T is a set of lines forming an anchored tree graph between the clusters of points x^*^ U y'*' , that is 
T is a set of lines, which becomes a tree graph if one identifies all the points in the same cluster. Moreover 
t = {ti^ii G [0, 1], 1 < i, i' < s}, dPT(t) is a probability measure with support on a set of t such that ti^ii = Ui -Uj/ 
for some family of vectors Uj € of unit norm. Finally G'^''^{t) is a (n — s + 1) x (n — s + 1) matrix, whose 
elements are given by 

Gf-J,,'=iM'5^'nxii-yi'i') (4.7) 

with if^jj^j,) not belonging to T. 

In the following we shall use (4.6) even for s = 1, when T is empty, by interpreting the r.h.s. as equal to 1, if 
|Pi| = 0, otherwise as equal to det G'' = £^ {^p'^'^^Pi)) . 

If we apply the expansion (4.6) in each non trivial vertex of r, we get an expression of the form 

VW(t,P) = E / dxyJ^^^HPvo)wi';^^ri^y,) = Yl V^''\r,P,T) , (4.8) 
tgt tgt 

where T = IJ^, . Given r e T^^n and the labels P, T, calling uj" , . . . , u* the endpoints of r and putting hi = hy* , 
we get the bound 



•' leT' 



Yl \Vhi-l{^vf. 



.1=1 



1 (4.9) 
• { n — m^ax|detG'^">^"(t„)| [] l5^'"Hx; - yOl} , 

not'e.p. " 

where T* is a tree graph obtained from T = UyTy, by adding in a suitable (obvious) way, for each endpoint 
z)*, i = 1, . . . , n, the lines connecting the space-time points belonging to x„* . A standard application of Gram- 
Hadamard inequality, combined with the dimensional bound on g^^^ implies that 

idetG^-^''(t„)i < cE;:j^^j-i^"I-2k-i) . ^'^.(eiij^-j-i^-i-^k-d) . (4.10) 

Moreover 

n 7! / n '^('^^ - n l«/..-l(x.♦)lb^^Hx^ - yoi < n ^7-""^^^-^^ . (4.11) 

vnot e.p. leT* i=l v note. p. 
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so we can bound the r.h.s. of (4.9) by,if n + nj + = n 



(cA)«7''(2-^-<-"^'-o) JJ J_^-(^-2+n;^+"2,„) (412) 

V not e.p. 

where are the J fields associated to the endpoints following v, n2,v is the number of endpoints of type Uk 
following V and n + nj + = n. We can bound (4.12) by 

(cA)"7-'"^"o rr l^^-(h,-h,,)d, uu) 



Sv'- 



where dy is the dimension, dy = — 2 + + n2,« and and v' is the x-vertex immediately preceding v. By 
construction the vertices v with |P„| = 2,4 and = 0, or |P„| = 2 and 71^=1 are necessarily endpoints so 
they do not belong to V^, hence dy > 1. In order to sum over t and P we note that the number of unlabeled 
trees is < 4"; fixed an unlabeled tree, the number of terms in the sum over the various labels of the tree is 
bounded by C", except the sums over the scale labels and the sets P. Regarding the sum over T, it is empty if 
Sy = 1. li Sy > 1 and Ny. = |P^. | — |Q^J, the number of anchored trees with di lines branching from the vertex 
Vi can be bounded, by using Caley's formula, by 

(di-l)!...(d«„ -1)! ' ^ ^ 

hence the number of addenda in X^^gT bounded by j^q^ e p 

In order to bound the sums over the scale labels and P we first use the inequality, following from (4.13) 

-Q < [ JJ .y-Mhv-K')j^ Yl (4.15) 

veV^ir) veV^ir) veVxir) 

The factors ^~-io(^^-K') in the r.h.s. of (4.15) allow to bound the sums over the scale labels by C". The sum 

over P can be bounded by using the following combinatorial inequality. Let {py , i; G r} a set of integers such 
that Py < J2iLiPvi for all V e r which are not endpoints; then (see for instance App. 6 of [GM]) 

j2 n i-^< n j2^-^b{J2pv,pv)<c^ . (4.16) 

P veV^ir) veVxir) Pv i=l 

where B{n,m) is the binomial coefficient. This concludes the proof of the Lemma. 

Remark i If in r there are two vertices with scale hi and /i2, wc can write the r.h.s. of (4.13) as 

(c|A|)"7~'"'''07~5l''i~''2l JJ^ —^-W^fi-K')dv (4-17) 

as > 1; of course the sum over r, P can be performed as above and this implies that the dimensional bound 
(2.16) can be improved by j-ilf^^-^^^l for such trees; this property is called short memory property. 

Rem,ark 2 Let us consider a tree r contributing to a kernel Wjf^^ for which £ = 1 (see (2.10)); then vq € V^; 
in fact if Wo ^ then vq is trivial and the external fields of vq and vi are the same, if vi is the vertex preceding 
vo; then '71V(ti, V) = 0. 

4.2 Proof of (2.30) It holds that 

<V-;^(y)>T=7T7rT7rTTr77^TTrT^(<^"^"^) (4-i8) 



a^- --'-^•'^ 50(y)</.(x) aj(y) J(x) ' 
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where 

j Pfe Jv(#)e""^^'^ + '^^ + S- / ''^''(^)[<u,+<u,l[V'z":u,+'^z",u,l+ / J(z)0(z)[Vz + 0.] 

where the derivative over (j) cannot be appHed over [^^ + 0^] otherwise a disconnected contribution is found. 
(4.19) can be integrated by a multiscale analysis as (1.3); after the integration of the scales N,N — 1, ..,h we 

get/P,,^#)e-^""('^+« with 

/2l m ill 

t,aJ,e z=l i=l i=l 

and 

-— < C; v;(y) >T= E <M (4-21) 

We integrate yV(0, J, J) by a multiscale procedure identical to the one for yV{(j), J) (in particular CW^^!^ ^ 
if m ^ 0, so that no new running coupling functions are introduced) and we still get the bound (4.13) in 
which is given by — 2 + n'l + + n2^v There is an apparent problem due to the fact that c?„ = 
for the vertices with one external J line and with two external fermionic lines. Let us consider the terms 
J rfkdpiyj o'^i (k, P)'^(p)0k V'k+p associated with such vertices; of course VKj'o"! = y['*"'^l(k + p)G2(k + p); the 
momentum k + p of the external ?/' fields has scale 'y^^' , and g^-»' [ii + p)g^'"{k. + p) is nonvanishing only if 
\hyr — hy\ < 2; hence, as j'^^^'^^' < ^.^jj replace dy with d„ + £„,with Sy = 1 when \Py\ = 2,n^ = 1 so 

that we get ||W2^;'|i,,^|| < CA7-'^('+'"+'^-2) implying < CA7-''. 



^^^^^^ 



Fig. 10 



In the same way 



Fig 10: Graphical representation of marginal terms J(pip 



^* <C;^(y);Vi(z) >r^ ^ nr.-^r/^7/ , n<^^J,J) (4-22) 



SVy - ^ ' 50(y)(/.(x) aj(y) J(z) J(x) 

and llWa^^slill < CA7-2'' from which (2.36) follows. Finally (2.48) follows fromthe fact that \\W^%\\ < CA7-2''. 

4.3 Proof of (2.43) 
We can write 

= SWM^WW / 4'-"'(#)Pi';"'(*)e-'"-'e/-e.^»«..««-««.*=:j (4..3) 



where V(V') = —^^J2ui=±Id^ V'x^^^V'xtJ^'' ''P^-J^'ip^-J and ipai^-a- are indipendent fields. In order to 
check (4.23) we note that the r.h.s. of (4.23) gives 

< <z'C,z';V';,xV'^.,x;^(z");Vi(y) >= <?i''^kx - z') < ^p+;i>z;i'{^'y,Hy) > (4-24) 



l//e66roio/2008; 23:41 



22 



and we use the identity 'ip~ — J dzt/I'^'^l (x — z)^p, where wc have used that -^j- cannot be applied over ip'^, 
otherwise a disconnected contribution is found. The r.h.s.of (4.23) can be integrated by a multiscalc analysys 
as above, and after the integration of the scales N,N —l,..k and the effective potential have the form (2.9) and 
kernels W;^ multiplying l-^ fields ip^, fields V-<7) "^i fields J and m2 J. There are new terms with 

vanishing dimension: there are no vertices with external lines J'ip'^^j~ , as the contraction of the fields ip-^ means 
that there are at least two external lines J; the vertices with external lines Jtp'^ipZ^ have surely a propagator 
with the same momentum as the external line, then 'y^''~K < -y^ and the sum over trees can be done without 
introducing anyncw coupling. Then the norm of the l.h.s. of (4.23) is bounded by Ylh=k ll^o',o,2,2ll < CX-f'^^ 
so that we get (2.43) 



5. Appendix 2 



5.1 Proof of Lemma 3 As the case m = is identical to the previous one, we consider only the case ih= 1. The 
trees are essentially identical with the ones in Appendix 1, with the only difference that there is or an end-point 
associated to vj ± at scale j, or an endpoint associated to Tq. In the first case dy > I for any v by construction. 
In the second case there is surely a x-vertex at scale — 1, by (3.11); moreover the only vertex v with dy = 
has one external line J and two external '0-lines; it has necessarily scale N — 1 and the form 

Duj\'^ ~ k ) 

for a suitable function G'-^-'(k); by the support properties of the functions r/_^\'k'^), ujv(k"'"), there is a nonvan- 
ishing contribution only if the external line with momentum k+ is contracted at scale A^ — 2, so that < . 

Hence we get 

||Wr|| < C"A"7"'*^^"^""J""-'' ]][7"^(''«'-''''')(-2+T^+"«+"^+^'') (5.2) 

V 

where e^, = 1 if \Pv \ = 2,n^ = 1. The sum over r can be done as in Appendix 1 and (3.19) is found. Moreover 
(3.20) follows noting that the trees contributing to i?^'^^f|'j(k, p) have an endpoint associated to Tq or an Vj^± 
at scale j. There is then a gain, with respect to the dimensional bound, of a factor ^K^-^), if h is the scale of 
k; in fact the trees contributing to ii^'^f^^(k, p) have surely a x-vertex at scale h, and an end-point associated 
to Vj^± at scale j, or an endpoint associated to Tq; by the short memory property and (3.18) it follows (3.20). 

5.2 Proof of (3.28) We can write 

Hi%^^{7.', X, z", yi, y2) = [5^'^(x - z, x - z') + 5^'^(x - z, x - z')]-^-^^ < V-."; V'(z") >= 

dJ{z')J{^) dJ{z") dcp{y,)dcp{y,) ^ ^'''^> ^"^^^^ 

where V(^) = -Ai E.=± /^x ViE^^+V'E'^^-^iT-^j^V'iT-^J- and 

<5p(z) = j dpe'P^J dkC;v(k,k + p)V^_^^^+p,_, 

The r.h.s.of (5.3) can be integrated by a multiscale analysys as above, and after the integration of the scales 
N,N — 1, ..k and the effective potential have the form (2.9) and kernels Wj^ multiplying h fields ipcr, 

h fields V'-CTj iT^i fields J and m2 J- There arc new terms with vanishing dimension: there are no vertices with 
external lines J'4>^ip~ , as the contraction of the fields V-ct means that there are at least two external lines J; 
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the vertices with external hnes Jip'^ij^Z^ have surely a propagator with the same momentum as the external 
line, then ^y'^"-'^^-' < and the sum over trees can be done without introducing any new coupling. 
We can write (analogously to (2.18)) 

^25.1.2 = E E ^^;2.o.i.2 (5-4) 

i=k reT* 

where T* is the set of trees with root at scale i and such that vo is a vertex. Note that, by construction, there 
is surely a x vertex at scale N, hence the dimensional bound is improved by a factor 72(*~^),see §5.1, so that 

N 

=Y.C\'l-''l-^'-''^ < CA^7-V^^ (5.5) 

i=k 



5.3 The limit of local interaction. In order to prove Theorem 2, we consider v{p) = e with suitable Zk, ttik 
and 7"''" = K. We fix K and then we proceed as above by taking the limit AT — » oo, and from the previous 
analysis it follows that the WI vcrifycs (1.15). We consider then the limit K ^ oo\ the contribution of a tree 
with a vertex with scale > hu to a Schwinger function with fixed coordinate is vanishing as — *■ oo, by the 
short memory property, and by (2.53) the bare parameters have to be chosen as in (5.6) . 

6. Appendix 3:Perturbative Computations 



We can check the WI (l-H). (1-15), (1.19) by a naive perturbative computation at lowest orders. Note that 
•iz = Y.u'=±i't'^^i'Z'^^ and jI = iEt.'=±^'V'i"',xC',x and therefore p^j^ = « Ea,'=± ^a;'(p)Pt.',P> P/«ip'^ = 

^Ea;'=±'^'-C'u;'(p)Pu;',p SO that 



£'a,'(p)(Pa,',p^^,k^i',k+p) =^a,,a,' [{'>P ^ ,]^) " (^a.,k+pV'^,k+p) 

+ Z^+(p)£'t.'(p)(pt.',pC,k^(^,k+p) + '^-(P)^-^'(P)(P-^',pV'J,k^(^,k+p> 

can be also written as 

-«P/^OpV'kV'k+p) = [(V'kV'k) - (V'k+pV'k+p)] + + i^-(p))(-«P/^OpV'kV'k+p)) 
-«P;.*(ip'''V'kV'k+p) = 7^[(V'kVik) - (V-k+pV^k+p)] + - z^-(p))(-ip^(4'''VkV'k+p)) 



(6.1) 

(6.2) 
(6.3) 



We can write (Pw',pV'a;,kV'i^,k+p) = '^w'^wIp;'*^) and {i'u>,k'^^,]i) = as a (non convergent) power series in 



G'J.,Jp; k) = E G''i"^(p; k)A" G^(k) = J2 gTK^)^' 



(6.4) 



n=0 



n=0 



The perturbative contributions to Gj,.^(p; k), G^(k) can be obtained by a standard Feynman graph expansion 
with propagator g^^\]s.). A crucial role will be played by the following identity 

£^^nk)5i^^Hk + p) = '^'""^^^^ ''^^"^^^^ + - g(^^)(k)ff(^^)(k + p) ^^g^l^^l (6.5) 

where Cjv(k, k + p) is given by (3.4). Of course if |k| < 7^"^ the second addend in (6.5) is vanishing. We get 
G^Hk) =£^^)(k) G5>ij°)(p;k) =5l^^nk)^'^l(k + p) (6.6) 
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If k, p are "far" from the cutoffs, that is |k|, |k + p| < 7^ ^ we get from (6.5) 
and we see that (6.1) holds with = = 0. At first order in A 

gTH^) = 5i^"^(k)5£^")(k) / dk',(^-)(k') = 

by parity; that is the tadpole contribution is vanishing. Moreover g5';L'"' (p; k) = as there is no graph con- 
tributing to it. 

At the second order in A we find, if Bi^^^(ki,k2) = /-/^(ki)/^'^^(k2)t;2(ki - kj) 

GT\^) = gi-^H^n J rfki J dk2Si^/^(ki,k2)5(^^)(k - k2 + ki)]ff(^^)(k) (6.7) 




Fig 11: Feynmann graph of Gu^'^\\i) 

On the other hand Gj.J is given by three graphs 

6^.^(2) (k, p) = Gi}}^ (k, p) + Gll'JS (k, p) + Gl:^ (k, p) (6.8) 
where Ga'j}'^^ (k, p) is given by 




Fig 12: Feynmann graph of Ga',w^' 



while G^'^'^^ (k, p) is given by 
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Fig 13: Feynmann graph of G^'lj 



and Gc.'w ^■'(k, p) is given by 




Fig 14: Feynmann graph of Gc.'i^^^ 

We get, using (6.5) and if |k|, |k + p| < 2^-^ 

{P)GI:1}S (k, P) - (k) + GT^ (k + p) = 

ai-'^Xm J rfkirfk2Bi^/Hki, k2)b£-^Hk + p - k2 + ki) - 5(,^^)(k - k2 + ki)]}5(,^^)(k + p) (6.9) 
and using again (6.5) the r.h.s. of (6.9) can be written as 

-£>^(p)G^;i,(2j(k, p) + 5(,^^)(k)5(,^^)(k + p)[ J dkirfk2Bi^/)5i,-'^Hk + P - k2 + ki)5(,^^)(k - k2 + ki)Cw,^] 
Finally, by using again (6.5) and the fact that, by parity / dkg^^\]s.) = 0, we get 

G^;i(2)(k,p) = [J dki5S^^Hki)5i^"'Hki+p)C,,^(ki,ki+p)][y dk2/i,^)(k2)5i-/^(k2+p)]5i^^)(k)5i^"'Hk+p)] 
and,using that 

Gi:^J{^,p) = J dk2/^/)(k2)/^/)(k2 +p) 

we find at the end, putting togheter all terms 

Du, (p)G2'ij2) (k, p) = g2(2) _ ^2(2) (k + p) + ^(1) p)i)_^ (p)g!.'1(,L^ (k, p) + (k, p)i?^ (p)G^.i(o) (k, p) 

(6.10) 

where 

^i^)(k,p) = |rfk,£^-)(k05£^-)(k, + p)^^^^:^^^ (6.11) 

4^)(k,p) = y dk, J dk,v\k^ - k2)/^/)(k:)/^/)(k2)ff(^^)(k + p - k2 + k^)gi^^\k - k2 + ki);^ 

Note that i>^\p) coincides with (3.6). On the other hand the value of i>^\p) depends crucially on v{p). 
If v{p) decays for large p, using (3.10) we can write 

r ^ 

i>^^\k, p)= dk! v''{k - k')[A'''^(k', k' + p) + A^'''(k', k' + p)]yl(k - k") 

h= — oo 
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where 

A{p)= |dk".9i=^/)(k")5i=L^^(p-k") 

As supp |^(p)| < C (it is the sanie as i^-^ using (6.5) and noting that J dkg is vanishing) we get, remembering 
that k, p are fixed and \v{p)\ < C(p^ + 1)~^ and if Ck,p is a k, p-dependent constant 

|^f(p)|<Ck,p Y: < Aa,p7-^ 

h——oo 

which is vanishing for N —^ oo. 
On the other hand if v{p) = 1 we get, for k, p = 

^(k)I?^(k) 

which is nonvanishing; on the other hand the rest is vanishing as ^ cxd as p, k are fixed, by dimensional 
reasons. 



,(2) 



(0) = 



dk 



uo(|k|)xo(|k|) x^(|k|) 
Ik|4 2|k|3 



Acknovifledgments. I am deeply indebted with K. Gawedzki for very illuminating discussions. 
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